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The orbital angular momentum operators in quantum mechanics are best known in Cartesian 

and spherical coordinate. However, It is now well known that most common shapes of 

molecules, nucleus as well as the atom are not perfectly spherical as a result of deformation 

caused by competition between electromagnetic repulsion between protons, surface tension 

and quantum shell effects. Consequently, in this paper, we develop the orbital angular 

momentum operators and their commutation relation in the oblate spheroidal coordinate to 

pave way for the corresponding extension of the well-known orbital angular momentum in 

mechanics. 
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Introduction 
It is well known how to formulate the angular momentum 

operators in spherical polar coordinate from the Cartesian 

coordinate in quantum mechanics. These operators are given 

by
[1,2,3]

 

   (1.1) 

 

   (1.2) 

 

     (1.3) 

Then, the orbital angular momentum operator, ² in the spherical 

polar coordinate is also given by
[3]

; 

 

              (1.4) 

 

The corresponding eigenfunction for ² operator is given by 

 

  (1.5) 

 

On transformation, equation (1.5) gives an associate Legendre 

differential equation given by 
[3,5]

; 

        (1.6) 

  

Where λ is the eigenvalue given by [5]
; 

         (1.7) 

 

The corresponding normalized Eigenfunction is denoted by; 

          (1.8) 

Called the spherical harmonic function and  is the 

normalization factor. 

 

These equations constitute the basis of the study of the structures 

of atoms as well as other quantum problems that involve 

rotational symmetry. Also, the Eigenvalues and eigenfunction 

(spherical harmonics) of orbiting particles in quantum 

mechanicsare also determined using the angular momentum 

operators developed in the spherical coordinates
 [1,3,5,6]

. It is most 

interesting to note that these equations were developed under the 

assumption that elementary particles such as electrons, 

molecules, atoms as well as nucleusexhibit perfect spherical 
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symmetry due to their spherical shapes
 [3,6]

. However, it is now 

well known experimentallythat the shape of most elementary 

particles as well as nuclei tends to be deformed due to quantum 

shell effects. The most commonly encountered shapes are 

elongated prolate or flattened oblate spheroidal
 [7].

 Therefore, 

treating them as perfect spheres is at the best an approximation 

for the sake of mathematical conveniences. Therefore, there has 

remained the need to extend the theory of orbital angular 

momentum for orbiting particles of perfect spherical geometry to 

those of spheroidalgeometry. Consequently, in this paper we 

derived the orbital angular momentum operators and their 

commutation relations in the oblate spheroidal coordinate. 

 

Mathematical formulations 

The Cartesian coordinate  is related to the prolate 

spheroidal coordinate as 
[8,10]

; 

            (1.9) 

 

                         (2.0) 

 

             (2.1) 

 

Where ‘a’ is the scale factor and  

 

         (2.2) 

 

Similarly, the spherical polar coordinate  is related to the 

prolate spheroidal coordinate  as; 

 

            (2.3) 

 

            (2.4) 

 

             (2.5) 

 

Therefore,  

 

             (2.6) 

 

            (2.7) 

 

          (2.8) 

 

          (2.9) 

 

          (2.10) 

 

       

           (2.10) 

 

       (2.11) 

 

         (2.12) 

 

          (2.13) 

 

          (2.14) 

 

    (2.15) 

 

It therefore follows from (2.8 – 3.8) that; 

 

 (2.16) 

 

 (2.17) 

 

   (2.18) 

 

The quantum orbital angular momentums are given in the 

Cartesian coordinate system as; 

 

    (2.19) 

 

    (2.20) 

 

    (2.21) 

 

Equation (4.2 – 4.4) are transformed after series of mathematical 

manipulations as; 

 

 

                                                (2.22) 

 

                                  (2.23) 

        

     (2.24) 
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It therefore follows that the total angular momentum operator, ² 

given by; 

 

  

   

Is obtained in the prolate spheroidal coordinate as; 

 

 (2.25) 

 

Equation (4.5 – 4.7) represent the components of the orbital 

angular momentum operator in prolate spheroidal coordinate. 

 

Commutation Relation 

The quantum commutation relations were obtained using 

equation (2.25 – 2.28) as follows; 

 

 (2.26) 

 

   (2.27) 

 

   (2.28) 

 

 (2.29) 

 

                          (2.30) 

  

                      (2.31) 

 

   (2.32) 

 

Equations are the quantum commutation properties 

in the oblate spheroidal coordinate system , which can 

now be compared to those of Cartesian and spherical polar 

coordinates to broaden insight into the uncertainty properties in 

orbital angular momentum. 

 

Summary and conclusion 
In this paper, we derived the components of the orbital angular 

momentum operator in the oblate spheroidal coordinate. We also 

derived the total angular momentum operator as well as the 

quantum commutation relations. 

 

It is most interesting and instructive to note that the orbital 

angular momentum operators derived in this paper contain pure 

spheroidal terms and hence, has paved way for mathematical 

analysis and investigation into the structures of atoms, as well as 

other quantum problems that involve rotational symmetry. 

 

It may be noted that equations (3.1 – 3.4), 3.7 obey the quantum 

commutation properties in the Cartesian and spherical polar 

coordinates. However, equation (3.5& 3.6) did not commute 

hence, and ) are said to be 

complementary variables in the oblate spheroidal coordinate 

which cannot be measured simultaneously. 

 

Finally, this has pave way for further research for the solution of 

the eigenfunction of ², to explicitly determine the eigenvalues 

and eigenfunctions (spheroidal harmonics) of the oblate angular 

momentum where the spheroidal harmonics are the energy 

eigenfunctions of a particle whose configuration space is an 

oblate spheroidal. 

 

References 

[1] Sakurai J.J., Tuan S.F., (198),Modern Quantum Mechanics, 

revised ed.,Spinger-Verlag, Berlin, Germany, MA, U.S.A., pp. 

138 – 146. 

[2] Landau L.D., Lifshitz E.M., (1958),Quantum Mechanics, 

Addison-Wesley, Reading, MA, U.S.A., Section 44. 

[3] David J. Grifiths, (2004), Introduction to Quantum 

mechanics,(2
nd

 Edition), Prentice Hall, England, pp 123 – 124, 

135 – 147. 

[4] Emonds A.R.,(1974),Angular Momentum in Quantum 

Mechanics, 2
nd

ed., Princeton University Press,  Princeton, NJ. 

U.S.A. 

[5] Dirac P.A.M., (1947),The Principle of Quantum Mechanics, 

3
rd

ed., Clarendon Press, Oxford, U.K., pp. 18, 36, 48. 

[6] Pake G.E., Estle T.L., (1973),The Physical Principles of 

Electron Paramagnetic Resonance, 2
nd

 ed., Benjamin, Reading, 

M.A., U.S.A., pp. 124. 

[7] Atkins P.W., Friedman R.S.(2005), Molecular Quantum 

Mechanics, 4
th

 ed., Oxford University Press, Oxford, U.K. pp. 

89,  126 – 128. 

[8] Hilderbrand F.B.,(1962),Advanced Calculus for Application, 

Prentice Hall, England Cliff, 

pp234 – 298. 

[9] Dass H.K., (2004),Concepts of Engineering Mathematics, 

vol. 1., S.Chad, New Delhi, India2004, pp. 22 – 38, 112-168.  

[10] Arken G., (1968),Mathematical Methods for Physicists, 

Academic Press, New York, U.S.A, pp211 – 249. 


	Full Length Research Paper

