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1. Introduction 

In this paper, we investigate the oscillatory behavior of solutions of conformable differential equation of the form 

(1) 

where  denotes the conformable derivative of order  with . 

 

If , then we have the following third order differential equation   

  

We study the oscillation of equation (1) under the following two cases  

 
 

Fractional derivative originated in the 17 th century at the time of Newton and Leibniz. In 1965 L’ Hospital introduced the 

concept of Fractional Derivatives. Fractional calculus is the study of derivatives and Integrals of non-Integer order and is the 

Generalized form of classical derivatives and Integrals. Fractional differential equations have gained importance during the 

past few years. Fractional differential equations occur in many research fields such as in modeling mechanical and electrical 

properties, they have also been applied to study several physical phenomena such as Chemistry and Physics. 

 

We observe that the oscillatory behavior of solutions of fractional differential equations have been studied by many authors.  

For example, we refer to [6,19,21] and the monographs [3,4,5,15]. We noticed that very little attention is paid to oscillation of 

linear / non-linear conformable fractional differential equations [17,18]. We also see that there are many papers which have 

discussed about the conformable fractional derivative see for example [1,2,8,12,14,]. Significant attention has been received 
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The aim of this paper is to study the oscillatory behavior of Conformable differential equations of 

the form  

 
Where;  denotes the conformable derivative of order  with .By using the 

generalized Riccati transformation technique, new sufficient conditions for oscillations of 

solutions are established. 
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on the oscillation of Fractional differential equations as a new Research. In 2014 Khalil et al. in [11] introduced a new 

differential operator called the conformable derivative.  

 

In 2016, Jessada Tariboon and Sotiris K. Ntouyas [9] established the oscillation results for the solutions of impulsive 

conformable fractional differential equations of the form 

 

 
and some new oscillation results are obtained by using the equivalence transformation and by applying Riccati techniques. 

In 2019, A. Ogunbanjo & P. Arawomo [14] studied the oscillation of solutions to the generalized forced nonlinear conformable 

fractional differential equation of the form  

 
with   denotes the operator called conformable fractional derivative of order  and   denotes continuous function with 

fractional derivative of order  and  and . 

 

A nontrivial solution of  of differential equation (1) is said to be oscillatory if it has arbitrarily large zeros, otherwise non 

oscillatory. The equation (1) is oscillatory if all its solutions are oscillatory. In this paper, we establish several oscillation 

criteria for conformable fractional differential equations by applying Riccati transformation technique. These results are 

considered essentially new. 

 

2. Method 

In this paper we use few Lemmas and definition which are helpful to prove our results. 

 

3. Main Results 

We assume that   and ;   and  are differentiable functions 

on .  

 

Definition 1: [17] The conformable derivative from  of a function  of order   with  and   

is defined by 

 .     

 

Lemma 3.1: [7] Let  and  be  differentiable at a point  and  

 

Then  

 , where  is a constant. 

  , for .  

.  

.  

 for all real constants  

If   is differentiable, then  

 

Lemma 3.2 [13]:   Let .Then the conformable integral of order  starting at  is defined by  

 
If the conformable integral of a given function f exists, we call that  is - integrable. 

 

.3 [13]:If  and  , then for all  , we have  

  and  . 

 

Lemma 3.4. [16]: We introduce a class of functions  in this paper. We say that a function  belongs to the function 

class  denoted by ,  if , where  which satisfies  

,  for  

 and has the partial derivative  on E defined by 

, where .       (3) 

Further we define the operator  



P.V.H. S Sai Kumar                                                                                                                     International Journal of Basic and Applied Sciences 13 (4) (2024)  102-107  

 

104 

                             (4)                   

for   where  

It is easy to verify that linear operator  for    (5) 

 

Lemma 3.5 [20]: Set  , where the function  is arbitrary function  and the function  are 

always positive ,  is a positive constant .Then the function   has the maximum value   at  on  such that  

 

Where  

 

Lemma 3.6: Let  

                                   

 
and suppose  

 

Then, 

 
 

Theorem 3.1: Let the conditions  to  and (2) hold. Assume that for each  there exists  

a function  such that 

 

           (6) 

where  and  are introduced in (3) and (4) respectively. Then every solution of (1) is oscillatory. 

 

Proof: Let  be a nonoscillatory solution of equation (1) Without loss of generality we may assume  

that  , where   is chosen so large that Lemma (3.6) hold.  

Define the function  by 

 

 

Then    and  

 

 

 
 

 

 
  

 
From Lemma 3.6 and (7) we get, 
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Let . Then and  ,   so the above inequality becomes 

 

 
 

Applying the operator  to (9) we note that  is a linear operator, then we get  

 
 

By (5) and the above inequality, we get  

 
 

To use the Lemma 3.5,  

Set  

 
 

We can see that  

 
This means that  

 
 

Taking the lim sup in the above inequality, we get  

 
which is a contradiction to (6). Therefore equation (1) is oscillatory. 

 

Next, we present some new oscillation results for equation (1), by using integral averages condition of Philos- type. First, we 

introduce a class of functions  . Let  

 

 and . 

The function  is said to belong to the class  if  

(i)   for ;  for ; 

(ii)  has a continuous and nonpositive partial derivative on  with respect to the second variable such that 

 
where  is a suitable function  .  

 

Theorem 3.2: Assume that (2) &  hold. Further there exists  and 

 , such that 
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Then every solution of system (1) is oscillatory. 

 

Proof.: In this case we define again the function   by (7) and proceeding as in the proof of  

Theorem (3.1) to obtain (9). Then by substituting  with in (9) and multiplying both sides by   and integrating from  

to , we have  

 

 

 

 
 

From this we conclude that  

 
 

Dividing the above inequality by  we get, 

 
 

 Letting , 

 

 

which contradicts (11). Then every solution of (1) is oscillatory. 

 

4.  Conclusion 

In this paper, the Author discussed the oscillatory behavior of solutions to Conformable differential equations. By using the 

classical Riccati technique and the properties of conformable derivative some new oscillation criteria for equation (1) are 

established.  It can be seen that this approach can also be applied to the oscillation of other fractional differential equations 

with more complicated forms involving modified Riemann-Liouville derivative.  
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