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D, (b(®D,(a(®D,y®)) + a®y(® =0
Where; D, denotes the conformable derivative of order o with 0 < @ = 1.By using the

generalized Riccati transformation technique, new sufficient conditions for oscillations of
solutions are established.
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1. Introduction
In this paper, we investigate the oscillatorjr behavior of solutions of conformable differential equation of the form

D, ((0)D, (a(®D, y(®))) + () y(&) = 0(1)

where D denotes the conformable derivative of order & with 0 = & = 1,

If & = 1, then we have the following third order differential equation
(B (a@®y O )) + gy =0
We stl_ldy_the oscillation of equation (1) u_nder the following two cases

& J- & ]-
J‘rn Eﬂ’n’{s.tn] =0, J‘r“ ﬁdcis'tﬂ] = oo, {2]

Fractional derivative originated in the 17 th century at the time of Newton and Leibniz. In 1965 L’ Hospital introduced the
concept of Fractional Derivatives. Fractional calculus is the study of derivatives and Integrals of non-Integer order and is the
Generalized form of classical derivatives and Integrals. Fractional differential equations have gained importance during the
past few years. Fractional differential equations occur in many research fields such as in modeling mechanical and electrical
properties, they have also been applied to study several physical phenomena such as Chemistry and Physics.

We observe that the oscillatory behavior of solutions of fractional differential equations have been studied by many authors.
For example, we refer to [6,19,21] and the monographs [3,4,5,15]. We noticed that very little attention is paid to oscillation of
linear / non-linear conformable fractional differential equations [17,18]. We also see that there are many papers which have
discussed about the conformable fractional derivative see for example [1,2,8,12,14,]. Significant attention has been received
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on the oscillation of Fractional differential equations as a new Research. In 2014 Khalil et al. in [11] introduced a new
differential operator called the conformable derivative.

In 2016, Jessada Tariboon and Sotiris K. Ntouyas [9] established the oscillation results for the solutions of impulsive
conformable fractional differential equations of the form
(. THp (e [6:T%(8) +r(D) 2D+ qldx(0) =0, t=¢t,, t=1t;
x{t;_-+]= oy I{t;_-_]- t;_.!"“ I{t;_--‘-] =IJ;;1';_-_]_TR‘I{1';_-_:]- k=12..
and some new oscillation results are obtained by using the equivalence transformation and by applying Riccati techniques.
In 2019, A. Ogunbanjo & P. Arawomo [14] studied the oscillation of solutions to the generalized forced nonlinear conformable
fractional differential equation of the form

Dpla(®) w(x(®))Dyx(£)] + P, x (), Dyx(t)) = Q (£, x(£), Dpx(t)) t =t = 0,
with D;(.} denotes the operator called conformable fractional derivative of order & and £ ® denotes continuous function with
fractional derivative of order & and a € C#[[t;,00),5] and P, @ & C®[[¢,.00), R%.5].

A nontrivial solution of y(t) of differential equation (1) is said to be oscillatory if it has arbitrarily large zeros, otherwise non
oscillatory. The equation (1) is oscillatory if all its solutions are oscillatory. In this paper, we establish several oscillation
criteria for conformable fractional differential equations by applying Riccati transformation technique. These results are
considered essentially new.

2. Method
In this paper we use few Lemmas and definition which are helpful to prove our results.

3. Main Results ) )
We assume that (H,) bit}, alt) € C ([t 0}, B, ) and q(¢) € Cllt,. 00), B, ) (H.) y(t) and y (£) are differentiable functions
on E.

Definition 1: [17] The conformable derivative from f; of a function f:[ £;. ®) = F of order & with0 <= e = landt =&, =0
is defined by
(Flt+se-tgdt~=)-F(1)

E

Dpf () =1lim,_,q

Lemma 3.1: [7] Let f and g be o — differentiable at a point £ = £; and o £ (0.1]

Then

()Dz(1) = 0, where 1 is a constant.
(i) Dy (£7) = pt?~% for p.

(it1)D, (fg) = fD(g) + gD.f.

(w)D, (L) = 82 leen

(v)D laf + bg) = aD,(f) + bD,g for all real constants a. b.
(v} If £ is differentiable, then D,f{t} = £*~%F ().

Lemma 3.2 [13]: Let & £ (0.1].Then the conformable integral of order @ starting at ¢; is defined by
r r
F® = | 6 -t s = | fo)dats.to)
Lo Lo

If the conformable integral of a given function f exists, we call that f is &- integrable.

Lemma 3.3 [13]:If e £ (0,1] and feC ([t,.%0), %), then for all £ = t, , we have LD f(£)) = f(t) — f(to)
andD, (I, f(t)) = flt) .

Lemma 3.4. [16]: We introduce a class of functions Y in this paper. We say that a function ¢(t.s,I) belongs to the function
class ¥ denoted by ©eY, if ©eC(E.R), where E ={lt.s.ll:ty; =l =s=t=<o00} which satisfies ©(t.t.I} =0
, 88,10 = 00(t, 5.1} =0 for

[ = 5 = tand has the partial derivative '::: on E defined by

AP (t=.0)
dag

=0(t.s.1)@(t.s.]),where B €Y. (3)
Further we define the operator
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Alg: 1.0 = [ 0% (£,5, D g(s)d(5.t5) (4)
for t = s = | = t, where gls) € Cltg, 0o).
It is easy to verify that linear operator Alg,: L.t} = —2A(@g: L.t) for g € C,[0.c0), R} (5)

rei
Lemma 3.5 [20]: Set Blv) =b,(&)v— b, (£} v, where the function b, (£) is arbitrary function b,({£)} and the function v are
always positive , ¥ is a positive constant .Then the functionE{+} has the maximum value By, at g on & such that

y' B,7THE)

Blr) =8 = =
TS NG
= (@Y’

Where 17 _(;r'+1.i:':|.?|) :

Lemma 3.6: Let

t%%(t) < (t — TPy (B a(t)D%x(£)
and suppose Pty M

Then,
x(t) (£ —TEM
a(t)Dyx(t) =T e

Theorem 3.1: Let the conditions (H, ) to (H.) and (2) hold. Assume that for each I £ C,([t;. tc}, 5] there exists

a function @ € ¥ such that
;.-'+].

.5"
(c-TRM |[FT2¢
EL—R’ ¥+ 1

Lirré sup A| 5§ (pa)r. £.8|=0.
Fae

(6)

where A and @ are introduced in (3) and (4) respectively. Then every solution of (1) is oscillatory.

Proof: Let ¥{t) be a nonoscillatory solution of equation (1) Without loss of generality we may assume
that v(t) = 0t = £, , where £, is chosen so large that Lemma (3.6) hold.
Define the function w(£} by

b(£) D, (alt) D,y (t))

w(t) = p(t) (D () L t= g (7)
Then wit} = 0 aEld ) " J
_ b(£)Dyla(t) Dy y(£)) b(t)Dg la(£) Dy (t)
Det) === Dyt D“-”““-”“:'D‘f( oo )
_ b(£)D,la(t) D,y (£))
D,wit) = 2Dy D, p(t)
a(t)D, y(£)D, (b(t) D, (alt) Daj-‘(t]}) — b(£)D,(a (£)D, y () D, (a (t)D, v(t))
te(®) (@ (t) Doy (2)?
_ b(£)D,la(t) D,y (£))
Dywlt) = 2 (O Dy (0 D, p(t)
{]%@m%@@%ﬂmlbmmmmmﬂmmmmmﬂm
+plE a0 Dy () - (a(t) D, y(t))*
D w() = D, plt) . pltlgltdy(t)  B(OD,(a(t)D, vy (£ D la(t)D, y(t))
T I T L R G (@ (D) Dy (5

From Lemma 3.6 and (7) we get,
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D, p(t) (t-T1M 1
Wﬂm_'ﬂmqm ti=e 5 2(f)bip)

D,wit) = w* () (2)

Let w(t) = @(£). Then Dywlt) = &'(£)and Dyplt) = 5'(£), so the above inequality becomes

g (t -T1M 1 s
=55 (&) — ple)gle) e RO (£) (9

G'E) =

Applying the operator A[.; £;.£ ](£ = £;) to (9) we note that A[.; £,.£ ] is alinear operator, then we get

&) ) (F—TrM
Alwsg.El =4 [ {f] @(E) - ﬁ'{-f]:h-f] — A [ﬂﬂr’i{f]:T-h-f

EHGLG)]

By (5) and the above inequality, we get
(£ -TrM g 1
A _ﬂqu_—n,-f,_.f =4 E+2cp m—ﬁ—Em':fL.f

To use the Lemma 3.5,

Set .
by ==+ 2o, by =— ., V=t
& PE
We can see that
— ;r'+].
g
[ (F-T)M (c-TrEM [F1T2¢ .
4 _oqu—_g--fL--f] <4lpa=—e— | S ) (BB
This means that
r _5- ¥+l
e-mm [Ftie .
AlAg e | yr1 AL
Taking the lim sup in the above inequality, we get
o F+1l
g
(f-TiPM [FT2¢ .
lim sup A | g : (palr. £, 8|=0 (10)
=

Fl-o - y+1
which is a contradiction to (6). Therefore equation (1) is oscillatory.

Next, we present some new oscillation results for equation (1), by using integral averages condition of Philos- type. First, we
introduce a class of functions E. Let

D,={t.sht=s=ttand D ={{t.s):it = 5 = £,}.
The function H is said to belong to the class R if
(i) Hit.t) =0 fort = ty; Hlt.s) = Ofor (t.s) € Dy;

(ii) H has a continuous and nonpositive partial derivative on Dy with respect to the second variable such that
p'ls) BH

hit, Hit, — (L

1(t,5) = Hit. s) — o) ﬂs (t.s)

where 1 is a suitable function w (£} .

Theorem 3.2: Assume that (2) &(4,)} — (4. ) hold. Further there exists p € C,{[t;. ). B, Jand
H € R, such that
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: e BGs
fim sup [ (mg.smmﬁm{sﬂ#_ji PO e, s])n’n{s,fp]zm. 1)

1
F== " H{§.§) ), H({.s)
Then every solution of system (1) is oscillatory.

Proof.: In this case we define again the function w(t} by (7) and proceeding as in the proof of
Theorem (3.1) to obtain (9). Then by substituting £ withsin (9) and multiplying both sides by H{{.s)} and integrating from £;

to £, we have
d —T)*M
[ H(f.s]ﬁ(s]ﬁ(s]%da(s.fn] < [ HE 5)! {{ ]] 5(5)d, s, £0)

w1

H{f s)a'(s)d, (s, fn]_J‘ H(E, s) G(s) dgls, &)

o T

52()b(s) ]E{ )
aH
(H(f 5)- {{S]] +5; s ]).:3{511 d (s &) —f H(f s)———

< HE£)aE) + [ F2()d, (s, )

p2(s JE{ )
w2 (s)d (s, &)

:_:H{f.fl]a’i(ﬂ]+J‘hfm(s]h{§.s] ﬂ’g':s-fn:l—J‘ B ) =5y 520 ].ﬁ{s]

¥15%(s)6
< H(E£)a(E) + f )

;,Emh:{flﬂdﬂ{s'fn]

From this we conclude that

; — T 5
j (Hi.,r.sm(slamﬁ_ j : ;;; © e 63 s])dn(s.h)gﬂ{f.ﬁ]a(ﬁ]

£1 = 5)

Dividing the above inequality by H(£.Z,) we get,

(s —T)*M J-F'L 52 (s)b(s)
si=a T ). 4 H(Es)

J- =
H s)pls
TG m[( (£, )5 (s)5(s)

nr!: ':wf- 5]) dl:'{s' fn) = CE{{]_:]

Letting £ — o2,

(s —T1PM J‘ 15 *(s)B(s)

R
lim sup - mf (H{E N = | e s])dﬁ{s.fnjﬂcﬁ{fl].

which contradicts (11). Then every solution of (1) is oscillatory.

4. Conclusion

In this paper, the Author discussed the oscillatory behavior of solutions to Conformable differential equations. By using the
classical Riccati technique and the properties of conformable derivative some new oscillation criteria for equation (1) are
established. It can be seen that this approach can also be applied to the oscillation of other fractional differential equations
with more complicated forms involving modified Riemann-Liouville derivative.
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